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1. Introduction 
All spaces under consideration are assumed to be metric. By a continuum we 
mean a compact connected nondegenerate space. Let X be a compact metric space 
with metric d. A homeomorphism f: X +X of X is called expansive if there is a 
positive number c > 0 (called an expansive constant for f) such that if x and y are 
different points of X, then there is an integer n = n(x, y) E Z such that 
d(f”(xL f”(Y))> c. 
Expansiveness does not depend on the choice of metric d of X. In [17], Matie 
proved that if f: X + X is an expansive homeomorphism of a compact metric space 
X, then dim X <cc and every minimal set is O-dimensional. This result shows that 
there is some restriction on which spaces admit expansive homeomorphisms. We 
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are interested in the following problem [4]: What kinds of continua admit expansive 
homeomorphisms? In [24], Williams first showed that there is a l-dimensional 
continuum admitting expansive homeomorJ,hisms. In fact, he proved that the shift 
homeomorphism of the dyadic solenoid is expansive. From continuum theory in 
topology, we known that inverse limits spaces yield powerful techniques for con- 
structing complicated spaces and maps from simple spaces and maps. Naturally, 
we are also interested in the next problem: What kinds of maps induce expansiveness 
of the shift homeomorphisms? It is well known that positively expansive maps 
induce expansiveness of the shift homeomorphisms (e.g., see [24]). In [7], Jacobson 
and Utz asserted that shift homeomorphisms of the inverse limit of every surjective 
map of an arc is not expansive (see [ 1, p. 6481 for the complete proof). It is known 
that “Plykin’s attractors” are l-dimensional continua in the plane R’ and are 
examples of Williams’ l-dimensional expanding attractors, on which homeomorph- 
isms are not only expansive homeomorphisms but even hyperbolic diffeomorphisms 
(see [20,21]). Also, Plykin’s attractors can be represented as inverse limits of maps 
g : K + K of graphs such that the shift homeomorphisms g’ of the maps are expansive 
(see [20, p. 243; 21, p.1211). In [13], we proved that if an onto map f: G+ G of a 
graph G is null-homotopic, then the shift homeomorphism f off is not expansive. 
In particular, shift homeomorphisms of tree-like continua are not expansive. Also, 
we proved that for any graph G containing a simple closed curve, there is an onto 
map f: G + G such that the shift homeomorphism 3 off is expansive. Hence, there 
is a G-like continuum X admitting an expansive homeomorphism. 
In this paper, we investigate expansive homeomorphisms from a point of view 
of continuum theory. In Section 2, by using the notion of positively pseudo-expansive 
map, we give a characterization of expansiveness of shift homeomorphisms of 
inverse limits of graphs. We can easily see that the characterization is not true for 
the case of n-dimensional polyhedra (n 22). In Section 3, 4 and 5, we deal with 
more general expansive homeomorphisms which are not shift homeomorphisms. In 
Section 3, we prove that if f: X + X is an expansive homeomorphism of a compact 
metric space X with dim X 3 1, then there exists a closed subset Z of X such that 
each component of Z is nondegenerate, the space of components of Z is a Cantor 
set, the decomposition space of Z into components is continuous, and all components 
of Z are stable or unstable. In Section 4, we prove that there are no expansive 
homeomorphisms on hereditarily decomposable tree-like continua. In Section 5, we 
also prove that there are no expansive homeomorphisms on hereditarily decompos- 
able circle-like continua. 
2. A characterization of expansiveness of shift homeomorphisms of inverse limits 
of graphs 
Let X be a compact metric space with metric d. By the hyperspace of X, we mean 
C(X) = {A 1 A is a nonempty subcontinuum of X} with the Huusdorf metric dH, 
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i.e., d,(A,B)=inf{e>OIU,(A)=B and U,(B)zA}, where U,(A) denotes the 
E-neighborhood of A in X. It is well known that if X is a continuum, then C(X) 
is arcwise connected (e.g., see [18]). 
Let f be an expansive homeomorphism of a compact metric space X with an 
expansive constant c > 0: If E > 0, let Wz and W,U be the local stable and unstable 
families of subcontinua of X defined by 
W:={AEC(X)]~~~~~“(A)~E for any nsO}, 
W,“={AEC(X)]~~~~~-“(A)~E for any n>O}. 
Also. define families W’ and W” of stable and unstable subcontinua as 
Then we know that if &SC, then W’={~~“(A)JAE Wz,n~0} and W”= 
U”(A) I AE W, n SO} (see [17, p. 3151). 
Let X be a compact metric space with metric d. For a map f: X + X, let 
Define a metric 2 for (X, f) by 
d”(X,_$- f d(Xi,y,)/2’, where~=(x,)~,,~=(y,);“=,E(X,f). 
i=l 
Then the space (XJ) is called the inverse limit of the mapf: X -+ X. Define a map 
j: by 
f((&)Ei)= (f(xi));‘=l =txi- ,);‘I,. 
Then? is a homeomorphism and called the shift borneomorphism ofJ: Let pn : (X, f) + 
X, = X be the projection defined by p,((x,)z,) =x,. 
Let A be a closed subset of a compact metric space X with metric d. A map 
f: X +X is positively expansive on A if there is a positive number c > 0 such that 
if x, y E A and x # y, then there is a natural number n 3 0 such that 
d(f "(XL f “(v))’ c. 
Such a positive number c is called a positively expansive constant for f 1 A. If f: X + X 
is a positively expansive map on the total space X, then f is called positively expansive. 
Clearly, if f: X + X is a positively expansive map on A, then f 1 A : A + X is locally 
injective, but we cannot conclude that f(A) c A. 
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Let 4 be a finite closed covering of a compact metric space X. A map f: X + X 
is called a positively pseudo-expansive map with respect to & if 
(P,) f is positively expansive on A for each A E &, and 
(PJ for the case A, B E A and A n B # $4, one of the following two conditions 
holds: 
(*) f is positively expansive on A u B; 
(**) iff is not positively expansive on A u B, then there is a natural number 
k 3 1 such that for any A’, A” E d with A’ n A” # 0, 
fk(A’uA”)n(A-B)=@ or f”(A’uA”)n(B-A)=@ 
A map f:X+ X is called positively pseudo-expansive if f is positively pseudo- 
expansive with respect to some finite closed covering & of X. This notion is important 
for constructing various kinds of expansive homeomorphisms (e.g., see Facts 2.1, 
2.2 and 2.4). By the definitions, positively expansive maps imply positively pseudo- 
expansive maps, but the converse assertion is not true. Concerning positively 
pseudo-expansive maps of graphs (= l-dimensional compact connected polyhedra), 
we know the following facts (see [13]). 
Fact 2.1. If f: X + X is a positively pseudo-expansive map of a compact metric space 
X, then the shift homeomorphism F of f is expansive. 
Fact 2.2. Let G be a graph. Then G admits a positively pseudo-expansive map if and 
only if G contains a simple closed curve. 
Fact 2.3. Let f: G + G be an onto map of a graph G, If f is null-homotopic, then the 
shzft homeomorphismfis not expansive, hencef is not apositivelypseudo-expansive map. 
Fact 2.4. Iff: G + G is a positively expansive map of a graph G, then the inverse limit 
space (G, f) off cannot be embedded in the plane, but there are various kinds of 
positively pseudo-expansive maps such that the inverse limits of the maps can be 
embeddable in the plane. 
Now, we shall prove the following characterization of expansiveness of shift 
homeomorphisms of inverse limits of graphs, which is the main theorem of this 
section. 
Theorem 2.5. Letf : G + G be an onto map of a graph G. Then the shift homeomorphism 
7 off is expansive if and only if f is a positively pseudo-expansive map with respect to 
some finite closed covering ti of G, where & = {e 1 e is an edge of some simplicial 
complex K” such that IK*l= G}. 
To prove Theorem 2.5, we need the following lemmas. 
Lemma 2.6 [ 17, p. 3151. Let h : X + X be an expansive homeomorphism of a compact 
metric space X and let c > 0 be an expansive constant for h. Then for all y > 0 there 
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is N>o such that h”( W:(x))c W;(h”(x)), hP”( W,“(x))= W;(h~“(x))foraZZx~X 
and na N, where W:(x)={yEX/d(h”(x), h”(y))sefor all n>O} and W:(x)= 
{y E X 1 d(h-“(x), h-“(y)) s &for all n 2 0). 
Lemma 2.7 [17, p. 3181. Let h and c be us in Lemma 2.6. Let 0 < E < c/2. Then there 
is S>O such that if x, YE X, d(x, y)~ 6, and for some n > 0, E G 
sup{d(h’(x), h’(y))lOsjsn}<2e, then d(h”(x), h”(y))zS. 
The following lemma is essentially the same as in [12, (2.2)], but the statement 
is slightly different. For completeness, we give the proof. 
Lemma 2.8. Let h : X + X be an expansive homeomorphism of a compact metric space 
X. Let E and 6 be us in Lemma 2.7. If A is any nondegenerate subcontinuum of X 
such that diam A s 6 and diam h”(A) > F f or some m E Z, then one of the following 
two conditions holds: 
(a) If m 2 0, then diam h”(A) 2 6 for n 2 m. 
(b) Ifm ~0, then diam h-“(A) 3 6 for n 3 -m. 
Proof. We shall show that 6 satisfies the conditions as in Lemma 2.7. Let A be a 
nondegenerate subcontinuum of X with diam A c 6. We show the case m > 0. Choose 
two points a and b of A such that d(h’“(u), h”‘(b)) > F. Let n 2 m. Choose n > 0 
such that d(h-‘(x), h’(y)) < E for x, y E X with d(x, y) < 77 and Osj s n. Since A 
is a continuum, there is a finite sequence a = a,, a,, . . . , a, = b of points of A 
such that d(u,, a,,,) < 77 for each i. For each 0~ rsp, define S, = 
sup(d(h’(4, h’(a,))lOaj s n}. Then S,,= 0, S,, > E and IS,,, -S,-1 s F for all r. 
Choose r such that S,_, s F and S, > E. Then S,. ~2s. By Lemma 2.7, we see that 
diam h”(A)8d(h”(u,), h”(u,))z=S. The case m<O is the same as before. 0 
Proof of Theorem 2.5. By Fact 2.1, it is enough to show that if f is expansive, then 
f is a positively pseudo-expansive map. Suppose that 7 is expansive and c > 0 be 
an expansive constant for j Let X = (GJ). 
First, we shall show that there is a positive number (Y > 0 such that if A is a 
subcontinuum of X with diam A G a, then A E W,U. Suppose, on the contrary, that 
for each n = 1,2,. . , there are subcontinua A,, of X such that 
diam A, c l/n, (1) 
and 
A, is not contained in W,?. 
Since C(X) is a compact metric space, we may assume that 
(2) 
lim A, = {x} for some x E X. (3) 
n-a, 
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Let 6 > 0 be as in Lemma 2.8. We may assume that diam A, s S for all n. Since A, 
is not contained in W,“, there is a natural number m(1) > 0 such that 
diam f-““‘(A,) > c > 2~. Choose a sufficiently small neighborhood U, of x in X 
such that there is a subcontinuum B, of A, such that diam f--(‘,( B,) 2 E and 
B, n U, =0. By (3), we can choose n(2) such that A,o,~ U,. Since A,(11 is not 
contained in W,U, there is a natural number m(2) > 0 such that diam f-m’2’(A,c,,) > 
c > 2~. Choose a sufficiently small neighborhood U, of x in X such that U, n B, = 0 
and for some subcontinuum Bnc2) of Anc2), diam Jpm(*)( Bnc2)) s e and Bnc2) n U2 = 0. 
If we continue this procedure, we obtain two sequences { m( i)}z, and 1 = n( 1) < 
n(2)<* *. ) of natural numbers, and a sequence {B,,,,} of subcontinua of X such that 
Bn,,,n&,j,=O (i#‘j), (4) 
and 
diam~~““i’(B,,j,)~E for each i=l,2,.... 
By Lemma 2.8 and (5), we see that 
(5) 
diam f-“( B,,,,) 2 6 for all n 2 m(i). (6) 
We can choose a sufficiently large natural number n, and a sufficiently small positive 
number ~=r](n,,6)>0 such that if E is a subset of X=(G,f) and diamEz6, 
then diam p,(E) > 7. Also, choose a natural number m0 such that if E,, E2,. . . , E, 
are subcontinua of G and diam E, z rl (i = 1,2,. . . , m,), then for some i andj (i Zj) 
Ei n E, # 0. Consider the family 3 = {Bnci, 1 i = 1,2,. . . , m,}. By (4), we can choose 
a natural number n, > n, such that p,(B,,,,) np,(B,cj,) =Q!J for 1 d i < js m, and 
n 2 n, . Put N = max{ n, , m,, m(i) 1 i = 1,2, . . . , m,}. By (6), we see that 
diamfpN(B,,;,)>6 for i=l,2,...,m,. 
Hence, for i = 1,2,. . . , m,, 
(7) 
and 
&am ~n,,+~(B,ci,) = diam p,,(fpN(&,~,d) 2 v, (8) 
P~+N(Bnci,)nPn”+N(Bncj))=0 (i#j). (9) 
This is a contradiction. Therefore there exists (Y > 0 such that if A E C(X) and 
diam As a, then AE W,“. 
Consider the following set c(X,cu)={A~C(X)]diarnA=~~}. Then C(X,(Y) is 
closed in C(X) and if x E X, there is some A E C(X, a) such that x E A, because 
the segment from {x} to X in C(X) is an arc (see [18, (l.lS)]). By Lemma 2.6, for 
any y> 0, there is N such that diam f-“(A) < y for all AE C(X, a) and n 2 N. 
Hence we can choose a natural number N such that p,,(A) is a tree (= a graph 
containing no simple closed curves) for all A E C(X, a) and n 2 N - 1. Since _? is 
expansive and p,,(A) is a tree (nz N-l), we see that flp,+,(A):~,,+,(A)+p~(A) 
is a homeomorphism for all A E C(X, a) and n 2 N - 1 (see the proof of [13, (3.5)]). 
We may assume that diam p,(A) b /3 > 0 for some /3 > 0 and all A E C(X, a). Since 
pN is an onto map, we can easily see that for any x E G, there is an arc A, in G 
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such that A, contains x, diam A, z/?, f IA,: A, + G is a positively expansive map 
and A, c pN(A) for some A e C(X, a). Note that if x,, E G, lim,,, x,, = x E G and 
lim ,,_- A,,, = B, then x E B and B c p,(A) for some A E C(X, (Y). By using this fact, 
we can easily see that there is a simplicial complex K such that 1 K I= G and if E 
is any edge of K, then for some A E C(X, (Y), p,,,(A) 2 E. Let k = #{(E, E’) 1 E, 
E ’ E K ‘, E n E ’ # fJ and E # E ‘}, where # Y denotes the cardinal number of a set 
Y and K’ denotes the l-skeleton of K. Choose a subdivision K” of K such that 
f ‘( e u e’) is a tree for e, e’E K *’ withene’#(bandOsj<kandiff’Ieue’isnot 
locally injective at the point p (e n e’ = {p}), f ‘( eue’)cE for some EEK’ and 
Ocjs k. 
Finally, we shall prove that f is a positively pseudo-expansive map with respect 
to&={eIeisanedgeofK*}.Notethatf’I e : e + G is injective for each e E ti and 
0~ j s k, because f’(e) is a tree (more precisely an arc). Clearly, & satisfies the 
condition (P,). We must show that & satisfies (Pz). Suppose that for some e, , e2 E K *’ 
withe,#ezande,ne,Z(n,fisnotpositivelyexpansiveone,ue,.Lete,ne,={p}. 
Clearly, f m I e, u e, is not locally injective at the point p for some rn > 0. Suppose, 
on the contrary, that there are ei and ei of & (e; # e;) such that ei n e; = {p’} # 0 and 
f”(e:ue;)n(e,-ez)#0#f’(e{ueS)n(e2-e,). (IO) 
Note that f ‘( p’) = p, because 1 is expansive (see the proof of [ 13, (3.5)]). Also, we 
can see that f ‘( p’) E K” and f’ I ei u ei is locally injective at p’ for 0~ j d k. By the 
definition of k, we see that for some j( 1) and j(2) with 0s j( 1) <j(2) c k, f j(*)( p’) = 
.f”“(P’) and (f”2’(e~)nfJ”‘(e;))-{f”“(p’)}f0, (f”2’(ei)nf”“(ei))- 
{f”“( p’)} # 0. Hence we can conclude that fn I e; u ei is locally injective at p’ for 
all n 2 0. This is a contradiction. Hence & satisfies ( P2). This completes the proof. q 
Corollary 2.9. Let f: G + G be an onto map of a graph G. If the shift homeomorphism 
f off is expansive, then there is a positive number a > 0 such that if A E C(( G, f )) 
and diam A s cr, A E W” = {D E C(( G, f )) 1 lim,,, diam J-‘(L)) = 0). Also, for any 
x E (G, f ), there is an arc A in (G,f) containing x such that A E W”. 
Corollary 2.10. Let f: G + G be an onto map of a graph G. If 7 is an expansive 
homeomorphism, then W” = {{x} I x E (G, f )}, where 
W”={AE C((G, f))Iai_ntdiamj”(A)=O}. 
Remark 2.11. In the statement of Theorem 2.5, the cases of n-dimensional polyhedra 
(n 2 2) are not true. It is well known that there is an expansive homeomorphism f 
of the 2-torus T = S’ x S’ [22]. The shift homeomorphism f off is topologically 
conjugate to J Note that if f: X + X is an expansive homeomorphism of a Peano 
continuum X, then for any open set U. f ( U is not positively expansive. Then f is 
expansive, but f is not positively pseudo-expansive. 
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Remark 2.12. There is an expansive homeomorphism F of a l-dimensional con- 
tinuum X such that F and F-’ cannot be represented by shift homeomorphisms 
of maps of graphs. Let S’ = {z E @ 1 /zI = l}, w h ere @ is the set of complex numbers 
and let f: S’ + S’ be a map defined by f(e”‘) = eize. Then 3 is an~expansive homeo- 
morphism of the dyadic solenoid (S’, f) [24]. Let p be the fixed point of _? Let 
D = (S’, f) and let X = (D, , p,) v ( D2, p2) be the one-point union of two copies of 
(0, p). Define a map F: X+X by F(x) =f(x) for XE D, and F(x) =f-‘(x) for 
x E D,. By Corollary 2.9, F is a desired expansive homeomorphism. 
Example 2.13. In [20,21], it was shown that for each n =3,4,5,. . . , there exist a 
graph G, and an onto map g, : G, + G, such that 
g, is a homotopy equivalence and the shift homeomorphism gn of g,, is expansive 
(hence, g, is a positively pseudo-expansive map). Here, we give an example which 
implies that the case n = 2 is also true. Let G, be the one-point union of two oriented 
circles a’ and 6. Note that r,( G2) = Z * Z. Define a map g?: G,+ G2 by 
a’Fa’*b*a’ 
b-b*& 
Then we can easily see that g, is a positively pseudo-expansive map and g, is a 
homotopy equivalence. In fact, the homotopy inverse h : G, + G2 is defined by 
a’-----+ a’* (b)-‘, 
+ - 
b-----t b * b * (a-)-‘. 
Also, we can easily see that the case n = 1 is not true, i.e., for any graph G, with 
IT, = Z, there are no positively pseudo-expansive maps which are homotopy 
equivalences. The case n = 0 is not true. In fact, there are no positively pseudo- 
expansive maps on trees [13]. 
3. Stable and unstable subcontinua of expansive homeomorphisms 
In [ll], we proved that there are no expansive homeomorphisms on Suslinian 
continua. In this section, we give a more precise result which is related to the stable 
and unstable properties. The next result is the main theorem of this section. 
Theorem 3.1. Let X be a compact metric space with dim X 3 1. If f : X + X is an 
expansive homeomorphism, then there is a closed subset Z of X such that each component 
of Z is nondegenerate, the space of components of Z is a Cantor set, the decomposition 
space of Z into components is continuous (i.e., upper semi- and lower semicontinuous), 
and all components of Z are contained in W” or W”. 
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The proof is similar to [ 11, Theorem (3.1)], but we need more precise information. 
Let c be an expansive constant for J Fix O< E <c/2. By [17, p. 3151, one of W;, 
and W& has a nondegenerate element. From now on, we assume that W:, has a 
nondegenerate element. Let M be a nonempty subset of W,“, . Define M’ by 
M t = {A E C(X) 1 for any n > 0 and any natural number k, there are points 
A,,Az,..., Ak of M such that each A, is nondegenerate, Ai n A, = P, (i #j) and 
d,(A,A,)<q for i=1,2 ,..., k}. 
Then we have 
Proposition 3.2. (1) The set W,“, is closed in C(X). 
(2) M,’ is a closed subset of W,U, .
(3) M’x(M’)-‘. 
For ordinal numbers, define M,= M, M, = M’, M,,, = (Mu)-’ and Mh = 
n ‘r<~ M,, where A is a limit ordinal number. 
The proof of the following proposition is similar to [ll, (3.4)]. For completeness 
we give the proof. 
Proposition 3.3. Let M = WZU,. Then Mh Z 0 for any countable ordinal number h if 
and only if there is a closed subset Z of X such that each component of Z is nondegenerate, 
the space of components of Z is a Cantor set, the decomposition space of Z into 
components is continuous, and all components of Z are elements of W,“, . 
Proof. Suppose that Mh #P, for any countable ordinal number A. By Proposition 
3.2, M,, is closed in C(X) and M, 2 Me if (Y </3. Since C(X) is separable, there 
is a countable ordinal number (Y such that M,, = MP for any p 3 (Y. In particular, 
M, = M,,, f 0. Choose A E M,. Since A E (M,,)‘, there are two points A,, and A, 
of M, such that each A, is nondegenerate, A,n A, = 0. Choose y> 0 such that 
diam A, > y (i = 0, l), and choose neighborhoods U, (i = 0, 1) of A, in X such that 
Cl U,,nCl U,=0 and Cl U,c lJ,,2 (A,). Since A, is contained in M, = (Me)-‘, for 
each i we can choose two points A,, (j = 0,l) of M, such that dn (A,, A,,) < l/2’ 
(j=O, l), diamA,> y, AionA,,=O and A,, = U,. Choose neighborhoods U,j of A,, 
in Ui such that Cl UiOnCl U,, =0 and Cl ITJ,~c U~,12~I(A,,). Note that A, E M, = 
(M,) ‘. By induction on n, we can choose subcontinua A,, ,2___I,, ( ik = 0 or 1) of X and 
neighborhoods U,,l,r,...i,, of Az,,2...i,, in U;,i,...i,,+, such that 
(1) dH(A,,,Z___i,,_,, A l;z...;,,_,;)< l/2” (j=O, 1), 
(2) Cl U,iz...i,,-ton Cl U,rz...l,,_,l =0, 
(3) &am Ai,r,...l,, > Y, and 
(4) Cl Uili,...i,, c U(,/,,~,(Ai,,z...,,,). 
For any sequence {( ik),,} (ik = 0 or l), consider the following set 
A,,,...= ii Cl U,,2...i,r 
n=, 
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Set 2 = IJ {AiIi,,,. 1 iJ=O or l}. Then the set of components of 2 is {Aillz13,,, 1 ik = 0 or 
l}. Since M = W,“, is closed in C(X), Ajliz,__~ W,“, . Clearly, 2 satisfies the desired 
conditions. 
Next, suppose that there is a closed set 2 as in Proposition 3.3. Clearly, each 
component C of Z is an element of Mh for any (countable) ordinal number h. 
Hence Mh # 0 for any countable ordinal number A. This completes the proof. 0 
The following lemma is trivial. 
Lemma 3.4. Let Y be a compact metric space. Let 7~ > 0 and k be any natural number. 
Then there is a natural number n = n( r], k) 2 k such that if a,, aI,. . . , a, are points 
of Y, then there is a point a of Y such that d(a, a,,) < 77 for j = 1,2, . . . , k, where 
l<i,<i,<.‘,<ikGn. 
From now on, suppose that M = Wz”, . 
By Lemma 3.4 and the transfinite induction, we can see the following 
Lemma 3.5. Let A be a countable ordinal number. If A E Mh and A is nondegenerate, 
for any open sets U, V of X such that Cl V c U, An V#P, and A-Cl U#@, there 
exist BE Mh such that BnCl V#@, BcAnCl U, and BnBd UZ0. 
Suppose that Y is a continuum with diam Y y > t 2 0. Then there is a subcontinuum 
A of Y such that diam A = t. By this fact, Lemma 3.4 and the transfinite induction, 
we can see the following 
Lemma 3.6. Suppose that h is a countable ordinal number, O< t s 2~, A E Mh and 
diam f(A) 3 t. Then there is a subcontinuum B of A such that f(B) E M,, and 
diam f(B) = t. 
Lemma 3.7. Let A E Mh, where h is a countable ordinal number. Zf diam f’(A) < 2.5 
for O<jsm, then f”‘(A)E Mh. 
By Lemma 2.8, we can easily see the following 
Lemma 3.8 [ 12, (2.2)]. Let 6 > 0 be as in Lemma 2.8. Then for each nondegenerate 
subcontinuum A of X, there is a natural number n, satisfying one of the following two 
conditions: 
(*) diam f”(A) 3 6 for n 2 n,; 
(**) diam f -“(A) 3 6 for n 2 n,. 
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From now, we shall give the proof of Theorem 3.1. Set 6, =min{a, E}. Choose a 
sequence E,>E~>E~>.. . of positive numbers such that lim,,, Q = 0. For each &k 
and k, choose a natural number nk = n( &k, k) as in Lemma 3.4. Let A E M = W,“, 
and A is nondegenerate. By Lemma 3.5, we can choose nondegenerate subcontinua 
B,,&,..., B,, of A such that Bi n B, = $3 (i #j) and diam B, s 6,. Note that Bi E 
M = W,u,. By Corollary 2.9, we choose a natural number m(k) such that 
diam f mc”(B,)Z=6, for each i=l,2,.. ., nk. (II) 
For each i = 1,2,. . , nh, we define a subcontinuum Ci of B, as follows: If 
diam f’(Bi) <2& for O<j< m(k), set C, = Bi. Then by Lemma 3.7, f”‘“‘(C,) E M. 
Suppose that for some O< m s m(k), diam f”( B,) 2 2~ and diam f’(B;) (2~ for 
0~ j < m. By Lemma 3.6, we choose a subcontinuum B,’ of Bi such that 
diamf”(Bi)=2e andf”(Bj)E M. If diamf’(B:)<2e for m<j~m(k), set Ci= 
B,‘. Then f”“‘(C;) E M. If for some m’ (m < m’s m(k)), diamf”‘(B,‘) 2 2~ and 
diam f’( Bt) < 2~ for m <j < m’, we choose a subcontinuum Bf of B: such that 
diam f”‘( Bf) = 2~ and f”“( Bf) E M. Moreover, if diam f’( Bf) < 2~ for m’< j G 
m(k), set C, = Bf. If we continue this procedure, we obtain a subcontinuum Ci of 
B,. Then we can see that diam ~“(C,)S~E for Osj< m(k), diam f”‘k’(C,) 2 6, and 
fmck)( C,) E M for i = 1,2, . . . , nk (see Lemmas 2.7 and 3.8). By the choice of nk, 
there is a point D“ E C(X) such that 
dH(D’,fm”)(CJ)<~k forj=1,2 ,..., k, 
where 1Gii,<i2<...<ikGnr,. (12) 
Since C(X) is compact, we may assume that the sequence {Dk} is convergent to a 
point A, of C(X). Then we see that A, E M, and diam A, 2 6,. 
For a countable ordinal number A, we may assume that for LY <A, M, contains 
a nondegenerate element A,, with diam A, 3 8,. We shall prove that Mh has the 
same property as M,,. Consider the two cases. 
Case 1: A = LY + 1. By Lemma 3.5, we can choose nondegenerate subcontinua 
B,,&,..., B,, of A, such that diam B, s 6,) B,nB,=(d (i#j) and BigM,,. Since 
Bi E W,“, , there is a natural number m(k) such that diam f”‘“‘(Bi) Z= 8, for each 
i-1,2,..., nk. For each i, choose a subcontinuum C, of B, as follows. First, if 
diamf’(Bi)<2~forO~j~m(k),setCj=B,.IfforsomemsuchthatO<m~m(k), 
diam f”( Bi) 2 2e and diam f’( B,) < 2~ for 0s j < m, by Lemma 3.6 we can choose 
a subcontinuum Bf of B, such that B,’ E M, and diamf”(Bf) = 2~ andf”( Bf) E M,. 
Moreover, if diam f’( Bi) < 2~ for m <j s m(k), set C, = B,‘. By Lemma 3.7, we can 
see that f “““(C,)E M,,. If for some m’ (m<m’<m(k)), diamf”‘(Bf)s2&, we 
continue this procedure. Consequently, we obtain f”‘“‘(G), 
fmtk’( C,), . . . , fmch’( C,,) E M,, such that each Ci is nondegenerate, C, n C, = 0 (i f 
j). Note that diam f m’h)( Ci) 2 6, for i = 1,2,. . . , nk (see Lemmas 2.7 and 3.8). As 
before, we can see that there exists A, E M,, such that diam A, 2 6,. 
Case 2: A is a limit ordinal number. In this case, choose a sequence CK, < CY~ < (Ye < 
. . . , of countable ordinal numbers such that A = lim,,, (Y;. By the inductive 
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hypothesis, there exist Ai E M,, such that diam Ai 2 6,. We may assume that {A,} 
is convergent to a point A,, of C(X). Then we can see that A, E Mh and diam A, 2 6,. 
Consequently, we see that Mh # 0 for any countable ordinal number A. By 
Proposition 3.3, X has a closed subset 2 satisfying the desired conditions. This 
completes the proof. 0 
Corollary 3.9. Suppose that f : X + X is an expansive homeomorphism of a compact 
metric space X. If W” (respectively W”) contains a nondegenerate element then W” 
(respectively WU) has an uncountable family of mutually disjoint, nondegenerate 
subcontinua of X. 
4. The nonexistence of expansive homeomorphisms of hereditarily decomposable 
tree-like continua 
In [13], we showed that there are various kinds of shift homeomorphisms of 
inverse limits of graphs which are expansive homeomorphisms. If a graph G contains 
a simple closed curve, then there is a positively pseudo-expansive map f: G + G, 
in particular, the shift homeomorphism 1 off is expansive. But, all shift homeo- 
morphisms of tree-like continua are not expansive. Naturally, we are interested in 
the following problem: Is there a tree-like continuum which admits an expansive 
homeomorphism? In [ 121, we showed that there are no expansive homeomorphisms 
on dendroids (= arcwise connected tree-like continua). In this section, we give a 
more general answer. The following theorem is the main result of this section. 
Theorem 4.1. There are no expansive homeomorphisms on hereditarily decomposable 
tree-like continua. 
Before giving the proof of Theorem 4.1, we need some notations as follows. A 
continuum X is decomposable if X is the union of two subcontinua different from 
X. A continuum X is indecomposable if X is not decomposable. A continuum X is 
hereditarily decomposable (respectively hereditarily indecomposable) if each non- 
degenerate subcontinuum of X is decomposable (respectively indecomposable). We 
say X is a tree if X is homeomorphic to a graph which contains no simple closed 
curve. A continuum X is tree-like (respectively arc-like) if for each F > 0, there is 
a finite open cover % of X such that mesh % < E and the nerve N( “u), if nondegener- 
ate, is a tree (respectively an arc), where mesh % = sup{6( U) 1 U E 021) and 6(U) = 
sup{d (x, y) ( x, y E U}. A continuum X is a dendroid if X is an arcwise connected 
tree-like continuum. It is well known that every dendroid is hereditarily decompos- 
able. By a re$nement of a finite collection % of subsets of a space X we mean, as 
usual, any finite collection of subsets of X whose elements are contained in elements 
of 021. Let C, , C,, . . , C,,, be subsets of a space X. Then the sequence is said to be 
a chain, and is denoted by [C,, C,, . . . , C,,,], provided that C, n C, # 0 if and only 
ifli-jl~1foreach1~i,j~m.Achain[C,,Cz,...,C,]issaidtobeanr]-chain 
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Fig. 1. 
(~>0) if 6(Ci)<v for each i-1,2,..., m. Let S > 0 and n be a natural number. 
A chain [C, , Cz, . . . , C,] is said to be (6, n)-folding if there are elements 
Ci(l)r Cicl,, C1(2), C,cz,, . . , C,(n), Cjcn, of {C,, Cz,. . . , Cm> such that 14 i(l)< 
j( 1) G i(2) <j(2) S. . .~i(n)<j(n)~m and d(Cickj, Cj(kj)a6 for each k= 
1,2,..., n, where d(A,B)=inf{d(a,b)lu~A and DEB}. Let [V,, V, ,..., V,,,] be 
achainsuchthat Y={V,]i=1,2,..., m} is a refinement of a finite open cover 021 
of a space X. Let U,, U, E %. Then the chain [V,, V,, . . . , V,,,] is said to be crooked 
between U, and U, if there are 1 s i( 1) < i(2) < i(3) < i(4) 4 m such that Vi(l) c U,, 
Vciczl= G, V,W = U, and KWI c U, (see Fig. 1). A chain [V,, V,, . . , V,] is said to 
be a chain from x toy if xE V, and yE V,,,. 
Next, we list some facts which will be needed in the sequel. A homeomorphism 
f considered in this section is an expansive homeomorphism of a compact metric 
space X and c > 0 is an expansive constant for j Fix 0 < F < c/2. 
Lemma 4.2 [17, p. 3181. For all p > 0 there exists a natural number N = N(p) such 
that d(x,y)~p implies that sup{d(f”(x), f”(y))]]n]~ N]>E. 
Lemma 4.3 (cf. Lemma 2.8). Suppose that X is a continuum. Then there exists 6, > 0 
such that for any p > 0 there exist a natural number N and q > 0 such that tf % is 
any finite open cover of X with mesh Ou < 77 and [U, , Uz, . . . , U,,,] is a chain of % 
with d( U, , U,,,) 2 p, then one of the following conditions holds: 
(I) d(fN(U,),fN(U,))z6, forsome l<rSm; 
(2) d(fPN(U,), f-“(U,))zs, forsome l<rsm. 
Proof. By Lemma 2.7, there exist S>O satisfying the condition as in Lemma 2.7. 
Put 6, = 6/3 and p’= min{p, 6,). By Lemma 4.2, there exists N = N(p’) such that 
d(x, y) 3 p’ implies that sup{d(f’(x), f’(y)) 1 If] d N} > F. Choose a sufficiently 
small positive number n >O such that d(x, y) < 7t implies that d(f’(x), f ‘(y)) < 
min{s, p’} for each Ijl< N. Suppose that Q is any finite open cover of X with 
mesh%<r] and [U,, U, ,..,, U,,,] is a chain of Q with d( U,, U,,,) 2 p. Then we 
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can choose a sequence p, , pz, . . . , pm of points of X such that pi E U, for each i 
and d(pi,pi+,)<7 for i=1,2 ,..., m-l. Since d(p,,p,)ap, we can choose 
l<m’<m such that d(p,,pk)<p’ for each lsk<m and d(p,,p,,)>p’. 
Then d(P,, Pk)<P’G&<6 for each Isk<m’ and d(P,, Pfn,)S 
d(p,,p,,~,)+d(p,,_,,p,,)<p’+p’~26,<6. Since d(p,,p,,)Zp’, 
suP{d(f’(P,),f’(P,,))lIjl~N}>&. 
Suppose that sup{d(f’( p,), f’( p,,)) 1 Ocj G N} > e. For each 1 G r c m’, define 
S, = sup{d(f’(pr), f’(P,)) I Osj s W. 
Then S,=O and S,,>F. Also, note that JSr+,-Srlsc for each r=1,2,...,m’-1. 
Hence we can choose r such that S,_, G E and S,. > E. Then F < S, < 2~. By Lemma 
2.7, d(fN(p,), fN(p,))a 6. Then we see 
d(fN(UL),fN(U,))~d(fN(~1),fN(~r))-2.meshfN(Q) 
26-2p’Z6-26,=6,. 
The case of sup{d(f’( p,), f’( p,,)) ( -N s j < 0) > F will be similarly proved. This 
completes the proof. 0 
Lemma 4.4. Suppose that X is a continuum. Let x, y E X and x f y. Then there exists 
6, > 0 such that for any y > 0 and any natural number n, there exist a natural number 
NandT>Osatisfyingthatif[U,,U,,..., U,,,] is an q-chain from x to y, then one 
of the following conditions holds: 
(1) [f”(U,), f”(UJ,..., f”(U,)] is a y-chain and is (a,, n)-folding; 
(2) [f -“( U,), f -“( U,), . . . , f -“( U,)] is a y-chain and is (6,, n)-folding. 
Proof. Let 8, be a positive number as in Lemma 4.3. Put p = d(x, y)/(2n + 1). By 
Lemma 4.3, there is a natural number N and n > 0 satisfying the conditions as in 
Lemma 4.3. We may assume that d(x’, y’) c TJ implies that d (f N(x’), f “(y’)) < y 
and d(f-N(x’), f -“(y’)) < y. Suppose that [U,, U,, . . . , U,,,] is any q-chain from 
x to y. Since we can choose n > 0 sufficiently small, we may assume that there exists 
a sequence lGi(l)<j(l)Ci(2)<j(2)G...Ci(2n)<j(2n)Gm such that 
d(&, Uj,,,) 2 p for each k = 1,2, . . . ,2n. By Lemma 4.3, we can conclude that 
one of the conditions (1) and (2) as in Lemma 4.4 is satisfied. 0 
Lemma 4.5 [lo, (3.2)]. Let X be a set and let X,, X,, . . . , X, be subsets of X such 
that X = Ul=, X,. Then there exists a suficiently large natural number n(k) (>2k2) 
such that for any sequence a,, b,, a2, b,, . . . , anCkI, bnCkJ of points of X, there exist 
i, < i,< i, such that ai, and a;, are contained in some X, and bj, is contained in some 
_ X, which contains bi,. 
Lemma 4.6. Suppose that X is a continuum. Then there exists 8, >O such that if 
x, y E X, x f y, and % is any$nite open cover of X, then there exist an integer N 2 0 
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and 77 >O such that if [V,, V,, . . . , V,,,] is an q-chain from x to y, then 
[f”(V,),f”(VJ,...,f”(V,)l or [fPN(V,),fPN(VA...,f-“(V,)l is a 
refinement of Ou, and is crooked between U, and U,, where U,, U, E “11 and d( Us, U,) 2 
6, -2. mesh 021. 
Proof. Put k = #Q. Then Lemma 4.6 follows from Lemmas 4.4 and 4.5. 0 
To prove Theorem 4.1, we also need the following. Let X be a tree-like continuum. 
For any subset M of X x X, define M-’ = {(x, y) E X x X 1 for any y > 0 and any 
finite open cover % of X such that the nerve N( “u) is a tree, there exists (x’, y’) E M 
such that x’ # y’ and there exists a finite open cover V of X with mesh V< y such 
that “I/^ is a refinement of %, the nerve N( ‘V) is a tree and a chain [V, , V,, . , . , V,] 
from x’ to y’ of W is crooked between U, and U,,, where U, and U, are elements 
of 021 such that x E U, and y E U,.} (see Fig. 2). By definition of M ‘; we obtain the 
following propositions. 
Fig. 2. 
Proposition 4.7. M’ is closed in X x X. 
Proposition 4.8. M ’ 3 (M-’ )‘, 
For a subset M of X x X and ordinal numbers, define M, = M-‘, M,,, = (M,),‘, 
and MA = n,,, M,, where A is a limit ordinal number. 
Theorem 4.9. If X is a hereditarily decomposable tree-like continuum, then M, = 0 for 
some countable ordinal number CY. 
Proof. Note that XXX is separable. Since M, is closed in X XX and M, 3 Mp 
for (Y c/3, there is a countable ordinal (Y such that M, = MP for all /3 2 (Y. In 
particular, (M,)’ = M,. We shall show that M, = 0. Suppose, on the contrary, that 
M, # 0. Choose (x,, y,) E M,. By the definition of M’, we may assume that x1 # y,. 
Since X is a tree-like continuum, there is a finite open cover 021, of X such that 
(a.1) mesh %,<min{l/2, d(x,, y,)/3}, and 
(b.1) the nerve N(Q,) is a tree. 
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By induction, we can choose (x,, yi) E M,, (i = 1,2,. . .) and finite open covers Qi 
of X such that 
(a.i) mesh Oui < l/2’ and OU,+, is a refinement of qi, 
(b.i) the nerve N(‘?&) is a tree, and 
(c.i) a chain [ U(+‘, U;+‘, . . . , U~cn:f+lJ from x,,, to y,+, of %,+, is crooked 
between LJ:, and U(,, , where Xi E Ui, E %i and yi E UI,, E Qi. 
By (b.i) and (c.i), inductively, for each i = 2,3,. . . , we can choose subchains 
[ uk,  . . . , Ub,] of [U;, U;, . . , Uk(i,] such that 
(1) u~,~clu2,,~u~,~clu~,~~~~, 
(2) U_:,l 2 Cl Uf, 3 U$, 2 Cl Us, 2 * . * , and 
(3) W::‘,..., Ul,:‘] is crooked between U:, and U:., 
(see Fig. 3). By (a.i), {Cl U,~l)i=1,2 ... (respectively {Cl U:,,}i=1,2 ,,,,) is convergent to 
a point x of Cl U.il (respectively a point y of Cl Ut,). Let H be the irreducible 
subcontinuum between x and y in X. Then we can conclude that H is nondegenerate 
and indecomposable. This is a contradiction. q 
Fig. 3 
Proof of Theorem 4.1. Let X be a hereditarily decomposable tree-like continuum. 
Suppose, on the contrary, that there exists an expansive homeomorphism f on X. 
Put M = X x X. According to Theorem 4.9, there exists a countable ordinal number 
(Y such that M, = 0. Let c > 0 be an expansive constant for f and 0 < E < c/2. Choose 
6, > 0 satisfying the conditions as in Lemma 4.6. Let x0, y,, E X with x,, f y,. Since 
X is tree-like, there exists a sequence 011,) Q2, . . . of finite open covers of X such that 
(1) the nerve N(%,) is a tree, 
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(2) %+, is a refinement of qi, and 
(3) mesh ozli < l/2’ for each i = 1,2,. . . . 
According to Lemma 4.6, we can choose a sequence V, , VI, . . . of finite open covers 
of X such that for some integer N(i) E Z, 
(4) f”“‘( Vi) is a refinement of ai, each iV( Vi) is a tree, and 
(5) if [VI, V,,. . ., V,,,] is a chain from x0 to y0 of Y;, then the chain 
[f”‘i’( V,), fN”‘( V,), . . , f”“‘( V,)] . IS crooked between Ui and U;, where Cri 
and U; are elements of %, with d( Ui, Ui)a 6, -2 . mesh 011,. 
Since X is compact, we may assume that {Cl Ui} ,=,, *,,. (respectively {Cl U;} ,=,, z ,_,,) 
is convergent to a point x, of X (respectively a point y, of X) (see (3)). Then by 
(5), d(x,, y,) 2 6,. We obtain (x,, y,) E X XX. 
For a countable ordinal number A, we assume that we have obtained (x,, ye) of 
X x X for all (Y < A as before. We will define (x,, yh) E X x X recursively in the 
following way: Consider two cases. 
Case 1: A = (Y + 1. By an argument similar to the above one, we can obtain 
(G+, , Yu+d E x x x. 
Case 2: A is a limit ordinal number. In this case, take a sequence (Y, < (Ye <. . . of 
countable ordinal numbers such that lim,_m (Y; = A. Then we may assume that 
{x,,),=,,~,. (respectively {Y~~,I,=~,~ ,...) is convergent to a point xh of X (respectively 
a point y, of X). Then d(x,, yh) 3 6,. Hence we obtain (x,, y^) E X XX. 
Next, we shall show that for each integer n and each countable ordinal number 
(Y, (f”(x,,), f”(ya)) E M,,. We shall prove this fact by transfinite induction. First, we 
show that for each integer n, (f”(x,), f”(y,)) E M,. Let 021 be any finite open cover 
of X such that the nerve N( “u) is a tree and let y > 0. By the constructions of x, 
and y,, there exists Oui such that Cl Ui c U,, , Cl U;c U,., and qi is a refinement 
of % with mesh %!, < my, where U,, (respectively I&) is an element of 011 containing 
x, (respectively y,). By (4) and (5), f”“‘(V>) is a refinement of 021, and if 
[f”“‘( v ) fNCi’( v ) . ,fN”‘( Vm)] is a chain from f”“‘(xO) to fN”‘(y,) of 
f N(r)( V, ;, ‘then it ys’ crooked between U; and U; . Hence (f N”‘(~,J, f N”’ (y,)) 
satisfies the conditions of the definition of M ‘, which implies that (x, , y,) E M’ = M, . 
Since f is a homeomorphism, we can conclude that (f”(x,), f”(y,)) E M, for all 
integers n E Z. 
Assume that A is a countable ordinal number such that (f”(x,), f”(y,)) is 
contained in M, for all LY < A and all integers n E Z. Consider two cases: 
Case 1: A = (Y + 1. By the inductive assumption, (f”(xn), f”(yU)) E M,. By an 
argument similar to the above one, we can conclude that (f”(x,+,), f”(y,+,)) E M,,, 
for all integers n E Z. 
Case 2: A is a limit ordinal number. By an argument similar to the above one, we 
can prove that (f”(x,), fn(yh)) E M, for all cy <A. This implies that 
W’(X~).~~(Y~))~ f--I Mt=Mh. 
nr* 
Consequently, we have proved that M, # 9) for all countable ordinal numbers (Y. 
This is a contradiction. This completes the proof. 0 
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Corollary 4.10. There are no expansive homeomorphisms on tree-like continua which 
have countable path-components. 
Proof. If a tree-like continuum X contains an indecomposable nondegenerate 
subcontinuum, then X has uncountable path-components. Hence Theorem 4.1 
implies Corollary 4.10. 0 
Corollary 4.11 [ 121. There are no expansive homeomorphisms on dendroids. 
Corollary 4.12. There are no expansive homeomorphisms on hereditarily decomposable 
arc-like continua. 
5. The nonexistence of expansive homeomorphisms of hereditarily decomposable circle- 
like continua 
A continuum X is said to be circle-like if for any E > 0 there exists a finite open 
cover % of X such that mesh % < E and the nerve N(Q) is a simple closed curve. 
The p-adic solenoids (p 2 2) are indecomposable circle-like continua which admit 
expansive homeomorphisms. In this section, we prove the following. 
Theorem 5.1. There are no expansive homeomorphisms on hereditarily decomposable 
circle-like continua. 
The proof is similar to one of Theorem 4.1, but we need slightly different 
considerations. 
Outline of proof of Theorem 5.1. Let X be a hereditarily decomposable circle-like 
continuum. Suppose, on the contrary, that there exists an expansive homeomorphism 
f on X. For each point p of X, let g, denote the intersection of all continua which 
contain interiorly a continuum that contains p interiorly (see the proof of 
[2, Theorem 81). Then ‘9 = {g,,} is an upper semi-continuous collection of mutually 
exclusive continua filling the continuum X and $9 is a simple closed curve with 
respect to its elements. In fact, by the proof of [8, (3.4)] there is a monotone map 
r from X onto a simple closed curve S (i.e., r-‘(y) is connected for each y E S). 
Combining this fact and Bing’s theorem [2, Theorem 81, we can easily see that 99 is 
a simple closed curve. Let r: X + 9 = S be the quotient map. By the definition of 
r, we can see that there exists a homeomorphism h : S+ S such that the following 
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diagram is commutative: 
I x-x 
Since S admits no expansive homeomorphisms [7], for some S,,E S, K1(so) is 
nondegenerate. Put 
For any subset M of F, define M ’ = {(x, y) E F 1 for any y > 0 and for any finite 
open cover % of X such that the nerve N(Q) is a simple closed curve, there exists 
(x’, y’) E M such that x’ f y’ and there exists a finite open cover Y of X with 
mesh Y < y such that Y is a refinement of Q, the nerve N(Y) is a simple closed 
curve, { V E 2’ 1 V n Y’( r(x))) f 0} is a refinement of {U E % 1 CJ u F’( s-(x)) # 0}, 
andachain[V,, V,,..., V,]fromx’toy’of{V~Y]VuY’(~(x’))#O}iscrooked 
between U, and Q,., where U, and I/,. are elements of 3 such that x E U, and y E U,,}. 
We may assume that the nerves N({ VE ‘Y-1 Vn Y’(rr(x’)) f 0)) and N({ U E 
0211 unm- (T(X)) # 0)) are one-point sets or arcs, because rr is a monotone map. 
By the definition, we see that M ’ is closed in F and (M 0’ c M ‘. As before, define 
M, = M’, M,+, = (MC?)’ and MA =fIrch M,, where A is a limit ordinal number. 
By an argument similar to the proof of Theorem 4.1, we can prove that if M, # 0 
for any countable ordinal number (Y, then for some SE S, Y’(s) contains an 
indecomposable nondegenerate subcontinuum. Hence M, = 0 for some countable 
ordinal number LY. 
Let M = F. Let c > 0 be an expansive constant for f and 0 < E < c/2. Choose 6, 
satisfying the conditions as in Lemma 4.6. Let x0, y,~ Y’(sJ with x,f y,. Since X 
is circle-like, there is a sequence Q,, (?&, . . . of finite open covers of X such that 
(1) N(oll,) is a simple closed curve, 
(2) %+1 is a refinement of %Yi, and 
(3) mesh %, < l/2’ for each i = 1,2,. . . . 
According to Lemma 4.6, we can choose a sequence cv^, , V2, . . . of finite open covers 
of X such that for some integers N(i) E Z, 
(4) N( vi) is a simple closed curve and f”“‘( Y,) is a refinement of Qi, 
(5) for “1T,(~~)“{V~Clr,,lVn~~‘(s,)#0} and OU,(hN”‘(~O))~{U~~iJUn 
~~‘(h~“)(sJ) f 0}, fN”‘(V,(so)) is a refinement of %,(hN”‘(~,)), and 
(6) if [V,, V,, . . . , V,] is a chain from xg to y, of V,(Q), then 
[f”“‘( V,), f”‘j’( V,), . . . ) f”“‘( V,)] . IS crooked between Ul and U;, where Ui 
and U; are elements of %U,(hN”‘(s,)) and d( Uf , Ul) > 6, -2 . mesh Qi. 
Since X is compact, we may assume that lim,.,, Cl Ui = x, and limi+m cl lJl = y, . 
Then by (5) and (6), we see that (x,, y,) E F and d(x,, y,) 2 6,. By an argument 
similar to the above one, we obtain (x,,, yn) E F for all countable ordinal numbers 
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LY such that d (x,, yW) 2 6,. Also, by an argument similar to the above one, we can 
conclude that (f”(x,), f”(y,)) E Mu for all countable ordinal numbers (Y and all 
integers n E Z. This is a contradiction. This completes the proof. 0 
Corollary 5.2. There are no expansive homeomorphisms on circle-like continua which 
have countable path-components. 
The following problems remain open. 
Problem 1. Does there exist a l-dimensional Peano continuum admitting an expan- 
sive homeomorphism? In particular, is there an expansive homeomorphism on the 
Menger’s Universal Curve? 
Problem 2. If a continuum X admits an expansive homeomorphism, does X contain 
an indecomposable (nondegenerate) subcontinuum? 
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